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Inequalities are derived for a general class of convex-functional means which may contoin
negative weights. Specific cases include the arithmetic-mean—geometric-mean inequality and
other power-mean inequalities. These inequalities make possible the solution of a wider
class of extremum problems than are susceptible to the classical means with positive weights.
In particular it is shown that the geometric programming algorithm may in some cases be
extended to functions with negative coefficients. A weaker result is derived for application
without restrictions on the signs of the coefficients or variables. This leads to a computational
scheme which is useful in the sofution of certain classes of nonlinear programming and in-

equality-constrained multistage optimization problems.

There has long been considerable interest in the math-
ematics of inequalities as a tool in analysis. Recently con-
venient computational procedures based on inequalities
have been used for the solution of certain classes of op-
timization problems (I to 8). This paper develops meth-
ods which extend the applicability of these schemes and
provide the basis for new computational algorithms.

Engineering optimization problems are usually formu-
lated in the context of the methods of differential and vari-
ational calculus or dynamic programming. This approach
is by no means mandatory; for example, it has long been
recognized that algebraic and integral inequalities can be
established to provide bounds for a variety of mathemati-
cal functions. Until very recently, however, engineers have
made little use of the vast body of inequality theory. One
reason for this is that before the development of geometric
programming by Duffin, Zener, and Peterson (8) there
were no techniques based upon inequalities which did
not have to be specifically adapted to fit each application.
The geometric programming procedure uses the arithmetic-
mean—geometric-mean inequality to provide an elegant
algorithm applicable to a wide variety of maximization
problems. Two important limitations of the method are its
restriction to generalized polynomials with positive coeffi-
cients and variables and the potentially difficult computa-
tions required to solve the dual program for large systems.

By deriving a conjugate form of the arithmetic-mean—
geometric-mean inequality, we will show that in certain
cases the geometric programming algorithm can be ap-
plied to functions which contain negative terms. We then
will derive a weaker result and use it to develop an al-
gorithm which applies to functions containing arbitrary
mixtures of positive and negative coeflicients and vari-
ables. Finally, we will illustrate a useful new computa-
tional scheme. This scheme has been found to be es-
pecially efficient in the optimization of inequality-con-
strained multistage decision processes. An important prop-
erty of these procedures is that they do not depend on
the existence of derivatives.

A form of the arithmetic-mean—geometric-mean inequal-
ity with one positive and any number of negative weight-
ing functions will first be derived. This result will later be
shown to be a particular case of a conjugate inequality
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between arbitrary convex-functional means. It will then
be shown that no more general conjugate inequalities are
possible.

A CONJUGATE FORM OF THE ARITHMETIC-MEAN-
GEOMETRIC-MEAN INEQUALITY

Of fundamental importance in the theory of inequalities
are the generalized Bernoulli inequalities. From these the
usual arithmetic-mean—geometric mean (A-G) inequality
and the basic inequalities of Holder and Minkowski can
be derived (9, 10). We are concerned with the following
form of Bernoulli’s inequality:

¥ —ax4+a—1=0 (1)

which applies for x > 0 and & > 1, or « < 0. There is
equality only when x = 1.

Following Beckenbach and Bellman (I0), letting x =
x1/%s and « = a3, we obtain

1% X572 = oy — Xy (2)

with @y — @; = 1 and oy > 1. There is equality only when
x3 = «;. We shall call this the conjugate form of the
weighted A-G inequality for two variables. Note that the
direction of the inequality is the reverse of that found in
the classical form with positive coefficients.

Proceeding inductively we let x; = 4,71/ yy~72/1, oy
= Y1 Y2 Xg = Y3 and ay = Y3 with Yi and Yi > 0. Evi-
dently, y1 — y2 — 3 = 1. Making use of Inequality (2)
gives
Y11 YsT72 YT Y8 = X% KT %2

= a1X1 — w9Xg
= (y1—v2) Y179 yy~Y2/% — g gy
= y1Y1 — volYf2 —v3Ys (3)

Equality applies only if y; = y; = ys. Continuing in this
fashion, one can see that

k0

%171 I I TV = yyxy —

1=2

zn: Vi X (4)

with y; — vi = 1 and v, x; > 0. There is equality
=2

1

only when all the x/s are equal.
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As will be shown, this inequality can be incorporated
directly into the geometric programming algorithm for
generalized polynomials with one positive and any number
of negative coefficients. It will also be shown that this
result cannot be extended to conjugate means with more
than one positive coefficient; that is, Inequality (4) is the
most general conjugate A-G inequality. Before proceeding,
we will derive a conjugate inequality for general means.

INEQUALITIES FOR FUNCTIONAL AND POWER MEANS

Following Hardy, Littlewood and Polya (9), we define
the functional means

My(y,x) =41 {i viv (xi)} (8)
i=1

where the function ¥(x) and its inverse function ¢~1(x)
are continuous and strictly monotonic in the interval of

n
interest, and 2 v = 1. The geometric mean results by

i=1
taking ¢(x) = Inx; the arithmetic mean results when
w(x) = x. [These give the respective inverse functions
¥~ 1(x) = ¢® and Y 1(x) = x.]
If it is required that x;, y > 0 and if y(x) and x(x)
are continuous and strictly monotonic with x(x) increas-

ing, then (9)
Mlll(')" x) —éMX('Y’ x) (6)

provided that the function & = x(y~!) is convex. There
is equality if all the /s are equal. Note that Inequality (6)
includes the ordinary A-G inequality; that is, taking U(x)
= Inx and x{(x) = x gives the convex function ®(x) = e*.

For the case n = 2 we propose to show that if one of
the coefficients is negative, Inequality (8) is reversed;
that is, for y1 — vp = 1,

vy (1) — w2 (%)} = x " Hy x (1) — 72 x(xz)}(7

The other conditions in Inequality (6) are unchanged.
We begin the proof by using the property of a convex

function,
D (y1 %1 + v2 %) =91 (x1) + 72 @(x2) (8)

This states that the chord of a convex function lies above
or on the curve as shown in Figure 1. If we now take the
weights 1 > 1 and y; = vy — 1 and if x; = x; then

vi{xz— %) = (x3— x1) (9)
or
YL — ya Xy =X

Similarly, if x; = =,,
(10)

These inequalities indicate the regions in which the chord
is extended and given by y; ®(x1) — 72 ®(xz). In these
regions it is clear that if ® is convex, the chord lies below
or on the curve; that is,

O (1 X — y2 %2) =1 B(x1) — 72 P(x2) (11)

Inequality (7) follows directly from this by taking @ =
x¢~1 and replacing x; by ¢(x;). Inequality (2) is a specific
form of Inequality (7) in the same way that the ordinary
A-G inequality derives from Inequality (6).

To extend Inequality (7) to more than two variables, we
shall make use of mathematical rather than geometrical
arguments, although the latter will continue to be useful
for visualizing the results. We choose to deal with convex
functions which are twice differentiable (this is an un-

Y1%1— yaXp =Xy
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restrictive assumption for our purposes) and propose to

n
find the maximum values of F = 2 aiyi®(x;) subject
i=1

n
to the constraint @ [ 2 o-mxi} = u, a constant. In these
i=1
expressions o; = * 1, and y;, %; > 0. Eliminating x,, we
obtain

n-~—1
. & 1(u) — —21 oryiXi 1
F = 2 om@(xi) + Tpyn® = (12)
i=1 TnYn J

N

The stationary points of F are given by

-
n—1

oF 1 {p) — E oYX
i o® (1) — om®’ = =0
i oTnYn

(13)

fori =1, 2, ..., n— 1. This is satisfied only if all the
x’s are equal (invariance condition) or if @ is linear in a
specified region. The first condition arises from the fact
that if & is strictly convex, Equation (13) is satisfied only
if the arguments are equal. The second case is unimportant
for our needs.

To determine the nature of the stationary points, we
define

Fu F12 BN Flj
Aj=|Fa Fp ... PFy|(®”)7} (14)
Fjl sz P Fjj
92F

where Fij =

fori=1,2,...,n— 1 Since " >
ox; 0x;
0, A; will have the same signs as the discriminants of the
Hessian of F. From Equation (14),

j
I o
n i

i=1
e ot Dom | (5)
TnYn

i=1

don

t

|

]

1

|
! |
i |
1 1

X X2

Fig. 1. A convex function and an extended
chord.
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A sufficient condition for F to be maximum is that A,_;
be negative definite; that is,

(—1)'4;>0 (16a)
forj=1,2,...,n— 1L If A,y is positive definite, that is
4;>0 (16b)

then F is minimum. If neither Equation (16a) nor Equa-
tion (16b) is satisfied and none of the A; are zero, there
is a saddle point. The special case when A,_; is semi-
definite is difficult and is not worthy of systematic treat-
ment.

Note that Equation (16b) is satisfied only if all the o;
= +1; Equation (16a) requires that all except one of the
ois equal minus one. It follows that if @ is convex and

n
twice differentiable, y; — 2 i = 1 and v, x; > 0 then
i=p

71 @(%1) — i vi®(x;) =0 ('lel — 2 'yixi] (17a)

i=2 i=2

and if i Yi = 1,
i=1

n

D ne(x) = [i:zl'ﬁxi }

i=1

(17b)

Further, no similar inequalities are possible for any other
choice of signs.

These inequalities are the desired extensions of Inequali-
ties (11) and (8}, respectively. Inequality as shown in
Equation (6) follows directly from Inequality (17b) and
Equation (5). Similarly, Inequality (17a) gives Inequal-
ity (7) and its extension to any number of variables,

‘Il*l{ Y1 9(x1) — i; Villl(xi)}

=yl {71 x (%) — 2 7 x(xi)} (18)
i=2

This result may be applied, for example, to the power
means which are obtained from Equation (5) by taking
b=,

n i/r
M, (y, %) = { DIRTE } (19)
i=1

(r = 1 is the arithmetic mean, r = 0 is the geometric
mean, r = —1 is the harmonic mean, r = 2 is the root
mean square). If we take y = x° then @ = yyp—! = x/7.
If r < s then @ is everywhere strictly convex (@” > 0)

n

and if y; — 2 v = 1 it follows from Inequality (18) that
1/r

n n 1/s
[lexr ~ 2 ')’ixir] = {‘)’1951s - 2 ‘)’ixis] (20)
i=2 i=2

1=2
This is the conjugate power-means inequality. If » = 0
and s = 1 this reduces to the conjugate A-G inequality.

A CONJUGATE FORM OF HOLDER'S INEQUALITY

The A-G inequality is the most important of the familiar
inequalities; consequently, its conjugate form is particu-
larly useful. For example, it may be used to derive a con-
jugate form of Holder’s inequality. This follows by taking
(a), (b), ..., (I) each to be sets of n positive numbers
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and a, B, ..., M to be positive constants with «a —8— ...
— \ = 1; then, suppressing the index,

Sa* b7 ... 17>
(Za)e(2b)~F... (2)*

-3 (&) ()7 (&)

a¢  Bb Al
=3 (555 -31)
=a—B8—...—A=1 (21)
Therefore
Sax b8 .. I = (sa)x (2b)7F ... () (22)

There is equality only if the sets (a), (b), ..., (I) are
proportional or if one set is null.

Inequality (22) is easily extended to

M/ (y,ab ...y =Mys(y,a) M_ 5y, b} ...
M_.n(y, 1) (23)

with r > 0. There is equality only when (a'/%), (b~1/8),
.., (I7*) are proportional or one set is nl., fr<©0
the inequality is reversed. This inequality is proved by
Hardy (9) for two sets; it can be used to prove Minkow-
ski’s inequality.

A WEAKER RESULT

Returning to the main discussion, we have seen that for
values of o; aside from those which satisfy Equations
(16a) or (16b) no inequality is possible between convex-
functional means. However, Equation (13) applies for
any choice of the o’s. It follows that all the stationary
points of F are given by the condition that all the xs are
equal. Denoting the stationary values by a bar results in

My (oy, x) = My(oy, x) (24)
The utility of this arises from the fact that the stationary
values My can be obtained from M, and, further, that
these points are given by the invariance condition x; =
constant.

This result is quite analogous to the weak form of the
discrete maximum principle (11, 12). Just as a stationary
value of the Hamiltonian for a discrete system may lead
to an extreme of the objective function, so a stationary
value of M, may lead to an extreme of My; the converse
is, of course, also true.

We are particularly interested in the special A-G form
of Equation (24) obtained by replacing x; by xi/4;. Taking

x x x x
¥ (——) =— and yx (—) =In (—) in Equation (24)
Y Y Y Y

and denoting the variables at the stationary points by
results in

n

> om= [ (2)™ (25)

i=1 i=1 i

A
As before, o; = *=1 and 2 owi = 1. The invariance
i=1
condition is that x;/y; is constant.
Without the normality condition, Equation (25) be-

comes

aiyi

n — Zovi
i

n

$a- G (3] e

i=1 i=1 i=1
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Other specific forms of Equation (24) analogous to In-
equalities (20), (22), etc., can be developed sumilarly.

The usefulness of these results will be illustrated by
several simple nonlinear programming problems.

APPLICATIONS TO EXTREMUM PROBLEMS

When Inequality (4) is written analogous to Equation
(25) in the form

L v T \ Vi
3 @ET @
i=2 71 =2 vYi
n
with y; — 2 v = 1, or, without the normality restriction,
i=2
1

n v — 2 i
AN N R g
X — 2{ X = —_ —
i=3 ¢! =z Vi
)

{71_ 22 i J (28)

it is directly applicable to the geometric programming
algorithm for generalized polynomials of the form

n

U=cyyy11y%12 ... ypiim — 2 Ci 1%l 302 . . . Yplim
i=32
(29)

This satisfies Equation (16¢), and consequently the dual-
ity property of geometric programming is retained. Also,
note that the objective function is maximized rather than
minimized as in conventional geometric programming. For
example, suppose we wish to maximize the quantity

4v/u 3ui\/v
Z(u, v, w) = \/u_ W\ (30)
v w2
subject to the constraint
4 Ya
Bl | (31)

w v Vw B
Applying Inequality (27) to Equation (30) and Inequal-

Duffin shows that the values 4, ¢ and w may be recovered
by using the following relationships, which result from
the invariance conditions:

au 3u\o  _
= 7lz, = 'yZZ
v w?
(37)
_4_ __ u* __7
W ys—va VANV yz—ys

These give u = 0.4356, v = 0.4232 and w = 0.5174.

In this example both the objective function and the
constraint were in the form of Equation (29). Had one
or both contained all positive (or all negative) coefficients
then the ordinary A-G inequality would have been used.
Also, the fact that we wished to maximize Z rather than
minimize it is no real restriction since Min(Z) can be ob-
tained from Max(—Z).

The geometric Frogramming computations in this prob-
lem were greatly facilitated by the fact that the values for
all the weighting factors could be calculated from Equa-
tions (33) and (34). More commonly, some of the weight-
ing factors will be left unspecified and must be chosen to
minimize the geometric mean in Inequality (36). Also, if
the coefficients in the objective function and the constraints
did not have the signs required by Equations (16a) or
(16b) we have seen that the strong result would no
longer apply and the weaker hypothesis [Equation (24) ]
would be used. That is, any weighting factors which were
left unspecified would be chosen to make the geometric
mean stationary, not necessarily minimum.

These points are illustrated by the problem of locating
the extremes of the function

1 1 1
+—~i+7 (38)

Applying Equation (25) to this gives

7= () () (27 ()

2 X 73 y* Yy

ity (28) to Equation (31) and multiplying the resulting (39)
inequalities gives The orthogonality and normality conditions are
Zé(4u% )71(30‘/9142 )‘72 3y1—2yp—y3=0
710 vg W2 2 0 (40)
. 4 \s ( ut )—74 and V3T Y=
v3 W ys V2 w¥ —n+r—r3tys=1 (41)
o (y3— ya) Va=78) (32) Therefore
Following Duffin we eliminate u, v, and w from this e _h
inequality by choosing _ 1 2 ( 1 )3—74 ( 2 ) 2 ( 1 )74
Yoyi—27y— Yaya=0 Z= P 3— v 4 74
—vn—Y%r+t2v7=0 2
2ys—~y3+ Y ya=0 (33) (42)
'cll‘hese are the orthogonality condtions. The normality con- The stationary points can be obtained from
ition is
rn—re=1 (34) dinZ 0 (43)
Solving Equations (33) and (34) gives dys -
"= E, yo = _2_, vs = .Z_’ ya= .2_ (35) which has the solutions y4 = 1.177 and v, = 3.823. _
9 9 9 3 Substituting the first root into Equation (42) gives Z =
Then 0.3289. Equations (40) and (41) give y1 = 1412, vy =
7 = (_4_ )71 _3_)_72 (_4__) s (_1__)—74(73 — ya) Va7 1.823 and y5 = 0.589. As in the previous (_eicample the in-
71 e Y3 Ya variance conditions can be used to obtain x =_1£92 and
= 5.104 (36)  y = 2.583. Perturbing Equation (38) about (x, y) shows
Yol. 14, No. 1 AIChE Journadl Page 35



0.5

-1.0

Fig. 2. Graph of Equation (46).

7 to be maximum. It can be calculated that d2 InZ/d v4?
< 0, which indicates that the geometric mean is also
maximized. This demonstrates the weakened hypothesis
of Equation (24) and shows that the duality property
of geometric programming is not retained.

For the root y4 = 3.823 Equation (42) cannot be eval-

uvated. This indicates that Z is not positive. Further, Equa-
tions (40) and (41) give y; = 0.090, yo = —0.821 and
vs = 1912, which violate the positivity condition. This

indicates that the point (x, y) is not contained in the
positive quadrant.

These problems can be formally circumvented by re-
defining the variables in Equation (38) to suitably re-
orient the axes. Alternatively, since it can be seen that
invariance does not depend on positivity, the invariance

conditions can be used directly to obtain x and g_/- In this
example the invariance conditions are

1 1 x 1
- (44)

Y% yx? yy? oy

Substituting the /s into Equation (44) and solving gives
x = —9.122 and y = —18.24. From Equation (38) it is
found that Z = —0.0141, which is found to be a mini-
mum. This completes the solution.

It is frequently advantageous to avoid entirely manipu-
lation of the geometric mean by making use only of the
invariance, orthogonality, and normality conditions. In the
second example the values of x and y could have been
obtained by simultaneous solution of Equations (40),

(41), and (44). One approach to the solution would be
first to eliminate the v;’s, leaving the two equations

3 2 1
-— =0
x4 x3 y2
and
9% 1
= =0 (45)
y® y?

These are exactly the equations that would result from
equating the partial derivatives of Equation (38) to zero.
There are, of course, numerous other approaches to the
solution of these simultaneous equations. It is significant
that in multistage decision problems this procedure leads
to a split-boundary-value problem.

This method is especially attractive when a large num-
ber of weighting factors (y;’s) are left unspecified by the
orthogonality and normality conditions. It is easily seen
that the number of unspecified y;’s is equal to the number
of terms in the objective function and constraints minus
one more than the number of variables. Duffin calls this
the de%ree of difficulty.

Finally, the fact that the inequality solution does not
depend on the existence of derivatives is illustrated by the
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local maxima and minima of the function
Z = x?/3 — 42 (48)
This is shown in Figure 2. Applying Equation (28) gives

The orthogonality and normality conditions are

2
—7n—27=0

48
- (48)
and
i—r2=1 (49)
which give vy = 3/2 and y = 1/2
The invariance condition is
x23
= x2 50
5= (50)

which gives x =0, = 044.

Geometric programming using the conjugate A-G in-
equality would locate only the positive root. The applica-
tion of ordinary calculus would be embarrassed at x = 0.
This property is of obvious importance in treating poorly
behaved functions.

CONCLUSIONS

Starting with Bernoulli’s inequality we have derived a
conjugate form of the arithmetic-mean—geometric-mean
inequality for means which contain one positive and any
number of negative weights. Consideration of general
convex-functional means showed that similar conjugate
inequalities are possible for a broad class of functions
which includes the arithmetic and geometric means. The
conjugate A-G inequality was shown to be applicable to
the geometric programming algorithm.

A weaker result was derived for application to general-
ized means without regard to the signs of the coefficients
or variables. Applying the A-G form of this result to the
problem of finding extreme solutions of generalized poly-
nomials revealed that it is sometimes useful to include the
equality conditions in the computations.

The natural inclusion of equality and inequality con-
straints and the absence of dependence on the derivative
are especially important characteristics of these schemes.
It is to be expected that further results can be obtained
from the general-means inequality which may be useful
in treating problems that are not in the generalized poly-
nomial form. To date it has been found necessary to tailor
these inequalities to the problem at hand; only the A-G
inequality has proven to have broad applicability. The
particular usefulness of the A-G inequality derives from
the fact that many physical processes can be described
by general polynomials.

Interesting and useful computational schemes can be
expected to derive from the equality conditions. Algorithms
which incorporate these conditions have been found to
provide straightforward, rapid solutions to large multi-
stage decision processes (13).
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NOTATION

(a), (b), (1) = sets of positive numbers
a; = constant exponent in generalized polynomial
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¢; = positive constant coefficient in generalized poly-
nomial

F = weighted sum of convex functions

Fi = 0%°F/dx;0x;

M, = power mean

M,, M, = functional means

§ = constants

= generalized polynomial
u, v, W, %, y = independent variables
Z = dependent variable

Qs

Greek Letters
a, B, A = positive constants

ap, i = weighting factors

A; = discriminants of modified Hessian matrix
" = a constant

o ==*]

® = convex function

x> ¥ = continuous, strictly monotonic functions

x~1, 1 = inverse functions
Superscript
— = value at stationary point
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Nonlinear Feedforward Control

of Chemical Reactors

WILLIAM L. LUYBEN
E. 1. du Pont de Nemours and Company, Wilmington, Delaware

This paper illustrates the synthesis of nonlinear feedforward controllers for chemical reac-
tors. In most of the theoretical development and application of feedforward control only lineor
systems have been considered. There are, however, no inherent finear limitations in feedfor-
ward control. Since chemical reactors are usually nonlinear, the effectiveness of control should
be improved by including nonlinearities in the design of feedforward controllers. This is par-
ticularly true for batch reactors because of the large changes in variables during a batch
cycle. Continuous stirred-tank reactors are studied with single ond consecutive reactions of first
and higher order. Effectiveness of linear and nonlinear feedforward controllers is compared
for disturbances of various magnitude and direction. Feedforward control of batch and tubu-

lar reactors is oiso discussed.

Feedforward control of chemical processes has received
an increasing amount of attention in recent years. This
interest is a result of the recognition of the advantages of
feedforward control in many chemical engineering appli-
cations; improved knowledge and appreciation of the dy-

William L. Luyben is at Lehigh University, Bethlehem, Pennsylvania,
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namics of chemical processes; and the availability of com-
puters to permit realistic analysis, synthesis, and evalua-
tion of control systems, both on line and off line.
Distillation columns and chemical reactors have received
most of the attention. The general theory of feedforward
controller synthesis was developed by Bollinger and Lamb
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